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Data-Parallel Training in Machine Learning 

• Contemporary ML involves training  
large models on very large datasets
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• Model: ResNet-50 (25.6M params) 
• Data: ImageNet 

• 1M training instances 
• 1000 classes 

• Machine translation 
• Model: Transformer (210M params) 
• Data: WMT'16 En-De 

• 4.56M sentence pairs 
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• Workhorse algorithm: 
Stochastic gradient descent
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• Data: ImageNet 

• 1M training instances 
• 1000 classes 

• Machine translation 
• Model: Transformer (210M params) 
• Data: WMT'16 En-De 

• 4.56M sentence pairs 
• 32K vocabulary

Data-Parallel Training:  
• Exploit parallel computing to process  

examples in parallel
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Parallelize gradient evaluation:

Data-Parallel Distributed Optimization
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Parallelize gradient evaluation:
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Parallelize gradient evaluation:
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<latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit>



3

rf1(x
k)

<latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit>

rf2(x
k)

<latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit>

rf3(x
k)

<latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit>

rfn(x
k)

<latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit>

Parallelize gradient evaluation:

xk+1 = xk � ↵
nX

i=1

rfi(x
k)

<latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit>

Distributed gradient descent:
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1
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<latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit>



3

rf1(x
k)

<latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit><latexit sha1_base64="5io6rFAlwoGFSTbMyR3OohQG52Y=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPpu9elhdObbFafmzIBXiZuTCsrR8O2fXj8maUSFJhyU6rpOor0MpGaE00mplyqaABnBgHYNFRBR5WWzxyf41Ch9HMbSjNB4pv69yCBSahwFZjMCPVTL3lT8z+umOrzyMiaSVFNB5kFhyrGO8bQF3GeSEs3HhgCRzPyKyRAkEG26WkgJoonpxF1uYJW0zmuuU3PvLir167ydIjpGJ6iKXHSJ6ugWNVATEZSiF/SK3qxn6936sD7nqwUrvzlCC7C+fgFVzJjZ</latexit>

rf2(x
k)

<latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit><latexit sha1_base64="SYS/JFs0VPdF0fqyYThN8/mdOO0=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyUpgi6LblxWsA9oY5hMJ+3QySTMTMQS+gF+g1tduxO3foZL/8Rpm4VtPXDhcM69nMsJEs6Udpxva219Y3Nru7BT3N3bPyjZh0ctFaeS0CaJeSw7AVaUM0GbmmlOO4mkOAo4bQejm6nffqRSsVjc63FCvQgPBAsZwdpIvl3qCRxwjEK/Vnl6GJ37dtmpOjOgVeLmpAw5Gr790+vHJI2o0IRjpbquk2gvw1Izwumk2EsVTTAZ4QHtGipwRJWXzR6foDOj9FEYSzNCo5n69yLDkVLjKDCbEdZDtexNxf+8bqrDKy9jIkk1FWQeFKYc6RhNW0B9JinRfGwIJpKZXxEZYomJNl0tpATRxHTiLjewSlq1qutU3buLcv06b6cAJ3AKFXDhEupwCw1oAoEUXuAV3qxn6936sD7nq2tWfnMMC7C+fgFXZJja</latexit>

rf3(x
k)

<latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit><latexit sha1_base64="VIfrCOzeKOOReyg5rREzVKT10XU=">AAACB3icbVDLSsNAFL3xWeujUZduBotQNyVRQZdFNy4r2Ae0MUymk3boZBJmJmIJ/QC/wa2u3YlbP8Olf+K0zcK2HrhwOOdezuUECWdKO863tbK6tr6xWdgqbu/s7pXs/YOmilNJaIPEPJbtACvKmaANzTSn7URSHAWctoLhzcRvPVKpWCzu9SihXoT7goWMYG0k3y51BQ44RqF/Xnl6GJ76dtmpOlOgZeLmpAw56r790+3FJI2o0IRjpTquk2gvw1Izwum42E0VTTAZ4j7tGCpwRJWXTR8foxOj9FAYSzNCo6n69yLDkVKjKDCbEdYDtehNxP+8TqrDKy9jIkk1FWQWFKYc6RhNWkA9JinRfGQIJpKZXxEZYImJNl3NpQTR2HTiLjawTJpnVdepuncX5dp13k4BjuAYKuDCJdTgFurQAAIpvMArvFnP1rv1YX3OVles/OYQ5mB9/QJY/Jjb</latexit>

rfn(x
k)

<latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit><latexit sha1_base64="CFFqMRit/cKFRUqvEDJCuYTAkhw=">AAACB3icbVDLSsNAFJ3UV62PRl26GSxC3ZREBF0W3bisYB/QxnAznbRDJ5MwMxFL6Af4DW517U7c+hku/ROnbRa29cCFwzn3ci4nSDhT2nG+rcLa+sbmVnG7tLO7t1+2Dw5bKk4loU0S81h2AlCUM0GbmmlOO4mkEAWctoPRzdRvP1KpWCzu9TihXgQDwUJGQBvJt8s9AQEHHPqi+vQwOvPtilNzZsCrxM1JBeVo+PZPrx+TNKJCEw5KdV0n0V4GUjPC6aTUSxVNgIxgQLuGCoio8rLZ4xN8apQ+DmNpRmg8U/9eZBApNY4CsxmBHqplbyr+53VTHV55GRNJqqkg86Aw5VjHeNoC7jNJieZjQ4BIZn7FZAgSiDZdLaQE0cR04i43sEpa5zXXqbl3F5X6dd5OER2jE1RFLrpEdXSLGqiJCErRC3pFb9az9W59WJ/z1YKV3xyhBVhfv7cEmRY=</latexit>

Parallelize gradient evaluation:

xk+1 = xk � ↵
nX

i=1

rfi(x
k)

<latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit>

Distributed gradient descent:

... 

Master

1 2 3 n

Master-Worker

... 

1

2

3

n

Decentralized

xk+1 = xk � ↵
nX

i=1

rfi(x
k)

<latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit><latexit sha1_base64="q99nYH3EcWg2R60TaBvCMADOUPw="></latexit>

Data-Parallel Distributed Optimization
1

b

0

@
b1X

j=1

rl(x(k); ⇠(k)j,1 ) + · · ·+
bnX

j=1

rl(x(k); ⇠(k)j,1 )

1

A

<latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit><latexit sha1_base64="Nxt3weIF5SthUYRalmqln/inM/Y="></latexit>
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Example: Ring Algorithm
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Each node sends/receives  
2d values

Delay: O(n)
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AllReduce: Exact distributed averaging

4

Example: Ring Algorithm

Each node sends/receives  
2d values

Delay: O(n)

Other algorithms 
(spanning tree, butterfly)  
with delay O(log n)
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AllReduce: Exact distributed averaging

4

Example: Ring Algorithm

Each node sends/receives  
2d values

Delay: O(n)

Other algorithms 
(spanning tree, butterfly)  
with delay O(log n)

Tightly coupled 
Computes exact average of any inputs
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... 

1

2

3

n

... 

1

2

3

n

Fully-Connected Multi-Agent (aka, "gossip")

xk+1
i = xk

i � ↵k

n

nX

j=1

rfj(x
k
j )

<latexit sha1_base64="yCh0nPGcH+Vp9WY5t1dHef4eJMg="></latexit><latexit sha1_base64="yCh0nPGcH+Vp9WY5t1dHef4eJMg="></latexit><latexit sha1_base64="yCh0nPGcH+Vp9WY5t1dHef4eJMg="></latexit><latexit sha1_base64="yCh0nPGcH+Vp9WY5t1dHef4eJMg="></latexit>

xk+1
i = xk

i � ↵k

|N k
i |

X

j2Nk
i

rfj(x
k
j )

<latexit sha1_base64="5qsqRD6XwKKxXO1S4vEGmO0ZtZs="></latexit><latexit sha1_base64="5qsqRD6XwKKxXO1S4vEGmO0ZtZs="></latexit><latexit sha1_base64="5qsqRD6XwKKxXO1S4vEGmO0ZtZs="></latexit><latexit sha1_base64="5qsqRD6XwKKxXO1S4vEGmO0ZtZs="></latexit>

Decentralized Multi-Agent Optimization



6

This Talk Synchronous methods build on AllReduce have problems: 
• Move at the pace of the slowest node 
• Sensitive to delay variations 

Aspirations: 
• Decouple communications to be less sensitive (asynchronous) 
• Ultimately, run faster and be more resource-efficient 

Contributions:  
• Analysis of stochastic gradient push for non-convex functions 
• Demonstration of stochastic gradient-push  

for training deep networks



7

1986        Tsitsiklis, Bertsekas, & Athans 
• Synchronous and asynchronous block coordinate descent 
• All agents know the global objective 

2003        Kempe, Dobra, & Gehrke 
• Push-sum distributed averaging 
• Fully-connected, randomized activations 

2009        Nedic & Ozdaglar 
• Synchronous multi-agent gradient descent 

2012        Tsianos & Rabbat 
• Push-sum distributed dual averaging 

2014-18   Nedic & Olshevsky; Zeng & Yin;  Nedic, Olshevsky, & Shi 
• Faster, synchronous, push-sum-based optimization

Survey:   
A Nedic, A Olshevsky, & M Rabbat 
Proceedings of the IEEE, May 2018

Brief Historical 
Perspective:
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Distributed Averaging over Directed Graphs

7

8

5

2

6

4

3

1 Problem: All nodes have an initial value  and they should 
all approximately compute the average 

x(0)
i

x̄ = 1
n ∑n

i=1 x(0)
i

Design choice: Only use push-type communication
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i
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i
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Distributed Averaging over Directed Graphs

7

8

5

2

6

4

3

1 Problem: All nodes have an initial value  and they should 
all approximately compute the average 

x(0)
i

x̄ = 1
n ∑n

i=1 x(0)
i

Design choice: Only use push-type communication

Why? 

• Asynchronous operation  directed communication 
• Easy to implement 
• Amenable to analysis

→
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Distributed Averaging over Directed Graphs

7

8

5

2

6

4

3

1

Column stochastic matrix P
<latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit>

Products converge (Perron-Frobenius):

lim
k!1

P k = ⇡1T

<latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit>

Pi,j > 0 , (j ! i) 2 E
<latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit>

lim
k!1

P kx = ⇡
�
1Tx

�
<latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit>

Distributed implementation as linear iterations

x(k)
i =

X

j

Pi,jx
(k�1)
j =

X

j2N in
i

Pi,jx
(k�1)
j

<latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit>
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Distributed Averaging over Directed Graphs

7

8

5

2

6

4

3

1

Column stochastic matrix P
<latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit><latexit sha1_base64="jsh/esFJdLPflxpfL4ll+Jyt/mo=">AAAB93icbVDLSsNAFL2pr1pfVZduBovgqiQi6LLoxmUL9gFtkMn0ph06k4SZiRBCv8Ctrt2JWz/HpX/itM3Cth4YOJxzLvfOCRLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFcM2i0WsegHVKHiEbcONwF6ikMpAYDeY3M/87jMqzePo0WQJ+pKOIh5yRo2VWs2nas2tu3OQdeIVpAYFbP5nMIxZKjEyTFCt+56bGD+nynAmcFoZpBoTyiZ0hH1LIypR+/n80Cm5sMqQhLGyLzJkrv6dyKnUOpOBTUpqxnrVm4n/ef3UhLd+zqMkNRixxaIwFcTEZPZrMuQKmRGZJZQpbm8lbEwVZcZ2s7QlkFPbibfawDrpXNU9t+61rmuNu6KdMpzBOVyCBzfQgAdoQhsYILzAK7w5mfPufDifi2jJKWZOYQnO1y9MUZNq</latexit>

Products converge (Perron-Frobenius):

lim
k!1

P k = ⇡1T

<latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit><latexit sha1_base64="ZR7JUmBFdxH3CZGvDDns0+8VLSc="></latexit>

Pi,j > 0 , (j ! i) 2 E
<latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit><latexit sha1_base64="Z9dM3LYyyx/+YjBUC8285kBAHrw="></latexit>

lim
k!1

P kx = ⇡
�
1Tx

�
<latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit><latexit sha1_base64="z5bXruZe+7JqabxEgOSqplQbnoI="></latexit>

Push-Sum Algorithm [Kempe, Dobra, Gehrke 2003] 
Initialize  
Implement linear iterations via distributed message passing

zi[k] = xi[k]/wi[k] ! (1Tx[0])/n
<latexit sha1_base64="XvAyjL6WY+DrraVV5gglYSnwlb0="></latexit><latexit sha1_base64="XvAyjL6WY+DrraVV5gglYSnwlb0="></latexit><latexit sha1_base64="XvAyjL6WY+DrraVV5gglYSnwlb0="></latexit><latexit sha1_base64="XvAyjL6WY+DrraVV5gglYSnwlb0="></latexit>

xi[0] 2 R, wi[0] = 1
<latexit sha1_base64="z/2ffajdxkzObn6EOQbvrYpb2hA=">AAACGXicbVDLSsNAFJ3UV62vqEs3o0VwISURQTdC0Y3LKvYBTQiT6aQdOpmEmYlaQtZ+hN/gVtfuxK0rl/6JkzYL23rgwuGce7n3Hj9mVCrL+jZKC4tLyyvl1cra+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7zK/fY9EZJG/E6NYuKGqM9pQDFSWvLM/UePdi0XOpRDJ0Rq4PvpbXYMHybyBbQ9s2rVrDHgPLELUgUFGp754/QinISEK8yQlF3bipWbIqEoZiSrOIkkMcJD1CddTTkKiXTT8SsZPNRKDwaR0MUVHKt/J1IUSjkKfd2ZXytnvVz8z+smKjh3U8rjRBGOJ4uChEEVwTwX2KOCYMVGmiAsqL4V4gESCCud3tQWP8x0JvZsAvOkdVKzrZp9c1qtXxbplMEeOABHwAZnoA6uQQM0AQZP4AW8gjfj2Xg3PozPSWvJKGZ2wRSMr1+rjZ9b</latexit><latexit sha1_base64="z/2ffajdxkzObn6EOQbvrYpb2hA=">AAACGXicbVDLSsNAFJ3UV62vqEs3o0VwISURQTdC0Y3LKvYBTQiT6aQdOpmEmYlaQtZ+hN/gVtfuxK0rl/6JkzYL23rgwuGce7n3Hj9mVCrL+jZKC4tLyyvl1cra+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7zK/fY9EZJG/E6NYuKGqM9pQDFSWvLM/UePdi0XOpRDJ0Rq4PvpbXYMHybyBbQ9s2rVrDHgPLELUgUFGp754/QinISEK8yQlF3bipWbIqEoZiSrOIkkMcJD1CddTTkKiXTT8SsZPNRKDwaR0MUVHKt/J1IUSjkKfd2ZXytnvVz8z+smKjh3U8rjRBGOJ4uChEEVwTwX2KOCYMVGmiAsqL4V4gESCCud3tQWP8x0JvZsAvOkdVKzrZp9c1qtXxbplMEeOABHwAZnoA6uQQM0AQZP4AW8gjfj2Xg3PozPSWvJKGZ2wRSMr1+rjZ9b</latexit><latexit sha1_base64="z/2ffajdxkzObn6EOQbvrYpb2hA=">AAACGXicbVDLSsNAFJ3UV62vqEs3o0VwISURQTdC0Y3LKvYBTQiT6aQdOpmEmYlaQtZ+hN/gVtfuxK0rl/6JkzYL23rgwuGce7n3Hj9mVCrL+jZKC4tLyyvl1cra+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7zK/fY9EZJG/E6NYuKGqM9pQDFSWvLM/UePdi0XOpRDJ0Rq4PvpbXYMHybyBbQ9s2rVrDHgPLELUgUFGp754/QinISEK8yQlF3bipWbIqEoZiSrOIkkMcJD1CddTTkKiXTT8SsZPNRKDwaR0MUVHKt/J1IUSjkKfd2ZXytnvVz8z+smKjh3U8rjRBGOJ4uChEEVwTwX2KOCYMVGmiAsqL4V4gESCCud3tQWP8x0JvZsAvOkdVKzrZp9c1qtXxbplMEeOABHwAZnoA6uQQM0AQZP4AW8gjfj2Xg3PozPSWvJKGZ2wRSMr1+rjZ9b</latexit><latexit sha1_base64="z/2ffajdxkzObn6EOQbvrYpb2hA=">AAACGXicbVDLSsNAFJ3UV62vqEs3o0VwISURQTdC0Y3LKvYBTQiT6aQdOpmEmYlaQtZ+hN/gVtfuxK0rl/6JkzYL23rgwuGce7n3Hj9mVCrL+jZKC4tLyyvl1cra+sbmlrm905JRIjBp4ohFouMjSRjlpKmoYqQTC4JCn5G2P7zK/fY9EZJG/E6NYuKGqM9pQDFSWvLM/UePdi0XOpRDJ0Rq4PvpbXYMHybyBbQ9s2rVrDHgPLELUgUFGp754/QinISEK8yQlF3bipWbIqEoZiSrOIkkMcJD1CddTTkKiXTT8SsZPNRKDwaR0MUVHKt/J1IUSjkKfd2ZXytnvVz8z+smKjh3U8rjRBGOJ4uChEEVwTwX2KOCYMVGmiAsqL4V4gESCCud3tQWP8x0JvZsAvOkdVKzrZp9c1qtXxbplMEeOABHwAZnoA6uQQM0AQZP4AW8gjfj2Xg3PozPSWvJKGZ2wRSMr1+rjZ9b</latexit>

x[k] = Px[k � 1] = P kx[0] ! ⇡
�
1Tx[0]

�
<latexit sha1_base64="mmTg55lZ0gMRYmIeO6Y7kpKwKso="></latexit><latexit sha1_base64="mmTg55lZ0gMRYmIeO6Y7kpKwKso="></latexit><latexit sha1_base64="mmTg55lZ0gMRYmIeO6Y7kpKwKso="></latexit><latexit sha1_base64="mmTg55lZ0gMRYmIeO6Y7kpKwKso="></latexit>

w[k] = Pw[k � 1] = P kw[0] ! n⇡
<latexit sha1_base64="zv9g0T2Klh7pBzlO7uy1WuBnIZs="></latexit><latexit sha1_base64="zv9g0T2Klh7pBzlO7uy1WuBnIZs="></latexit><latexit sha1_base64="zv9g0T2Klh7pBzlO7uy1WuBnIZs="></latexit><latexit sha1_base64="zv9g0T2Klh7pBzlO7uy1WuBnIZs="></latexit>

Distributed implementation as linear iterations

x(k)
i =

X

j

Pi,jx
(k�1)
j =

X

j2N in
i

Pi,jx
(k�1)
j

<latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit><latexit sha1_base64="O9mM1FjcCwltwh5NWjocFkqJTiI="></latexit>



11

Stochastic Gradient-Push [Nedic & Olshevsky, 2016]
Node i initializes                                         and  

For iterations k=0,1,...,K at node i: 
• Sample new mini-batch gradient 
• Update 

• Send/receive messages 
 
 
and aggregate

x(0)
i = z(0)i 2 Rd 8i

<latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit>

w(0)
i = 1

<latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit>

rFi(z
(k)
i , ⇠(k)i )

<latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit>
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(k)
i , ⇠(k)i )

<latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit>
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j2N in(k)
i

P (k)
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j

<latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit>

w(k+1)
i =

X

j2N in(k)
i

P (k)
i,j w

(k+ 1
2 )

j

<latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit>

z(k+1)
i = x(k+1)

i /w(k+1)
i

<latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit>

Gradient descent locally

Push-Sum averaging
⇣
P (k)
i,j x

(k+ 1
2 )

j , P (k)
i,j w

(k+ 1
2 )

j

⌘

<latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit>
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Stochastic Gradient-Push [Nedic & Olshevsky, 2016]
Node i initializes                                         and  

For iterations k=0,1,...,K at node i: 
• Sample new mini-batch gradient 
• Update 

• Send/receive messages 
 
 
and aggregate

x(0)
i = z(0)i 2 Rd 8i

<latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit><latexit sha1_base64="cH4LmhJsqEDc6TRIIuGHWopFYXE="></latexit>

w(0)
i = 1

<latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit><latexit sha1_base64="kf7Nu81FgeJxpETBcIXN058Fsf8=">AAACA3icbZA9SwNBEIbn/IzxK2ppsxiE2IQ7EbQRgjaWEcwHJGfY22ySJbt75+6eEo4r/Q22WtuJrT/E0n/iJrnCJL4w8PDODDO8QcSZNq777Swtr6yurec28ptb2zu7hb39ug5jRWiNhDxUzQBrypmkNcMMp81IUSwCThvB8HrcbzxSpVko78woor7Afcl6jGBjLf+pw+6TknuSokvkdQpFt+xOhBbBy6AImaqdwk+7G5JYUGkIx1q3PDcyfoKVYYTTNN+ONY0wGeI+bVmUWFDtJ5OnU3RsnS7qhcqWNGji/t1IsNB6JAI7KbAZ6Pne2Pyv14pN78JPmIxiQyWZHurFHJkQjRNAXaYoMXxkARPF7K+IDLDCxNicZq4EIrWZePMJLEL9tOxZvj0rVq6ydHJwCEdQAg/OoQI3UIUaEHiAF3iFN+fZeXc+nM/p6JKT7RzAjJyvX5Mcl1Y=</latexit>

rFi(z
(k)
i , ⇠(k)i )

<latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit><latexit sha1_base64="Mas5TaSKCBkzJoQf5on8vEYvfN8=">AAACGnicbZBNS8MwGMfT+TbnW9Wjl7AhbCCjFUGPQ0E8TnAvsNaSZukWlqYlScVZdvdD+Bm86tmbePXi0W9itlVwm38I/PJ/nocn+fsxo1JZ1peRW1peWV3Lrxc2Nre2d8zdvaaMEoFJA0csEm0fScIoJw1FFSPtWBAU+oy0/MHFuN66I0LSiN+oYUzcEPU4DShGSlueWXQ48hmClx4tP3j0Ni0PKqMj6NzT30vFM0tW1ZoILoKdQQlkqnvmt9ONcBISrjBDUnZsK1ZuioSimJFRwUkkiREeoB7paOQoJNJNJ38ZwUPtdGEQCX24ghP370SKQimHoa87Q6T6cr42Nv+rdRIVnLkp5XGiCMfTRUHCoIrgOBjYpYJgxYYaEBZUvxXiPhIIKx3fzBY/HOlM7PkEFqF5XLU1X5+UaudZOnlwAIqgDGxwCmrgCtRBA2DwCJ7BC3g1now34934mLbmjGxmH8zI+PwBCYagJQ==</latexit>
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<latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit><latexit sha1_base64="IewltzLlkGxNgxzWBO7k3KKz6pI="></latexit>
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i =

X

j2N in(k)
i

P (k)
i,j x

(k+ 1
2 )

j

<latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit><latexit sha1_base64="5EW/yqJ/JzJixW5oShI8Yna53g8="></latexit>

w(k+1)
i =

X

j2N in(k)
i

P (k)
i,j w

(k+ 1
2 )

j

<latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit><latexit sha1_base64="NP6Xxe4pYoNio5aX55YJ++Lvx2c="></latexit>

z(k+1)
i = x(k+1)

i /w(k+1)
i

<latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit><latexit sha1_base64="Tdbn+g0EXqf41gN5FhBwYa+6+So=">AAACH3icbVDLSgMxFM3UV62vUZdugkWsCHVGBN0IRTcuK9gHtOOQSTNtaCYzJBm1Dv0EP8JvcKtrd+K2S//ETFuwDw8Ezj3nXu7N8SJGpbKsgZFZWFxaXsmu5tbWNza3zO2dqgxjgUkFhywUdQ9JwignFUUVI/VIEBR4jNS87nXq1x6IkDTkd6oXESdAbU59ipHSkmsePrv0Pil0j+2jPryETxPVCXz8q1wzbxWtIeA8scckD8You+ZPsxXiOCBcYYakbNhWpJwECUUxI/1cM5YkQriL2qShKUcBkU4y/FAfHmilBf1Q6McVHKqTEwkKpOwFnu4MkOrIWS8V//MasfIvnITyKFaE49EiP2ZQhTBNB7aoIFixniYIC6pvhbiDBMJKZzi1xQvSTOzZBOZJ9bRoa357li9djdPJgj2wDwrABuegBG5AGVQABi/gDbyDD+PV+DS+jO9Ra8YYz+yCKRiDX40qoL4=</latexit>

Gradient descent locally

Push-Sum averaging
⇣
P (k)
i,j x

(k+ 1
2 )

j , P (k)
i,j w

(k+ 1
2 )

j

⌘

<latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit><latexit sha1_base64="cmK+yprY1UDVhWtrHGOUjrD8lpI="></latexit>

τ − overlap SGP
Semi-synchronous variant 
Gossip and update in separate threads, 
Can be up to     steps out of sync⌧

<latexit sha1_base64="nQ9+fYpRUWQnX8Ampy+HPrC1MLo=">AAAB+nicbVA9SwNBEJ3zM8avqKXNYhCswl0UtAzaWEYwH5AcYW+zSZbs7R27c0I48xdstbYTW/+Mpf/EveQKk/hg4PHeDDPzglgKg6777aytb2xubRd2irt7+weHpaPjpokSzXiDRTLS7YAaLoXiDRQoeTvWnIaB5K1gfJf5rSeujYjUI05i7od0qMRAMIqZ1EWa9Eplt+LOQFaJl5My5Kj3Sj/dfsSSkCtkkhrT8dwY/ZRqFEzyabGbGB5TNqZD3rFU0ZAbP53dOiXnVumTQaRtKSQz9e9ESkNjJmFgO0OKI7PsZeJ/XifBwY2fChUnyBWbLxokkmBEssdJX2jOUE4soUwLeythI6opQxvPwpYgnNpMvOUEVkmzWvEuK9WHq3LtNk+nAKdwBhfgwTXU4B7q0AAGI3iBV3hznp1358P5nLeuOfnMCSzA+foF2VuU4g==</latexit>
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Convergence guarantees

Let                                   and suppose that 
1. L-smooth functions 

2. Bounded variance 

3. Similar objectives 

4. Communication topologies are B-strongly connected

minimize
x2Rd

1

n

nX

i=1

E⇠i

⇥
Fi(xi; ⇠i)

⇤

subject to xi = xj , 8(i, j) 2 E
<latexit sha1_base64="hfZTwx258JBWEeF2WsX3aOeyY74="></latexit><latexit sha1_base64="hfZTwx258JBWEeF2WsX3aOeyY74="></latexit><latexit sha1_base64="hfZTwx258JBWEeF2WsX3aOeyY74="></latexit><latexit sha1_base64="hfZTwx258JBWEeF2WsX3aOeyY74="></latexit>

fi(x) = E⇠i

⇥
Fi(xi; ⇠i)

⇤
<latexit sha1_base64="Fl6oGAJ9Xe8WCT1XDEHkmKYMQBM="></latexit><latexit sha1_base64="Fl6oGAJ9Xe8WCT1XDEHkmKYMQBM="></latexit><latexit sha1_base64="Fl6oGAJ9Xe8WCT1XDEHkmKYMQBM="></latexit><latexit sha1_base64="Fl6oGAJ9Xe8WCT1XDEHkmKYMQBM="></latexit>

krfi(x)�rfi(y)k  Lkx� yk
<latexit sha1_base64="aD5VFEswwhkYE0CwheF68HPVmf4=">AAACK3icbZC7TsMwFIYdrqXcAowsFhVSO1AlgARjBQsDQ5HoRWqqynGd1qrtRLaDGrV9EB6CZ2CFmQnEwsB74LYZeuFIlj7//zk69u9HjCrtOJ/Wyura+sZmZiu7vbO7t28fHFZVGEtMKjhkoaz7SBFGBaloqhmpR5Ig7jNS83u3Y7/2RKSioXjUSUSaHHUEDShG2kgt+8IbQk8gnyEYtGi+X4Bns/ekAMcNjMB7A31jJt6wZeecojMpuAxuCjmQVrll/3jtEMecCI0ZUqrhOpFuDpDUFDMyynqxIhHCPdQhDYMCcaKag8nnRvDUKG0YhNIcoeFEnZ0YIK5Uwn3TyZHuqkVvLP7nNWIdXDcHVESxJgJPFwUxgzqE46Rgm0qCNUsMICypeSvEXSQR1ibPuS0+H5lM3MUElqF6XnQNP1zmSjdpOhlwDE5AHrjgCpTAHSiDCsDgGbyCN/BuvVgf1pf1PW1dsdKZIzBX1u8fljmlZg==</latexit><latexit sha1_base64="aD5VFEswwhkYE0CwheF68HPVmf4=">AAACK3icbZC7TsMwFIYdrqXcAowsFhVSO1AlgARjBQsDQ5HoRWqqynGd1qrtRLaDGrV9EB6CZ2CFmQnEwsB74LYZeuFIlj7//zk69u9HjCrtOJ/Wyura+sZmZiu7vbO7t28fHFZVGEtMKjhkoaz7SBFGBaloqhmpR5Ig7jNS83u3Y7/2RKSioXjUSUSaHHUEDShG2kgt+8IbQk8gnyEYtGi+X4Bns/ekAMcNjMB7A31jJt6wZeecojMpuAxuCjmQVrll/3jtEMecCI0ZUqrhOpFuDpDUFDMyynqxIhHCPdQhDYMCcaKag8nnRvDUKG0YhNIcoeFEnZ0YIK5Uwn3TyZHuqkVvLP7nNWIdXDcHVESxJgJPFwUxgzqE46Rgm0qCNUsMICypeSvEXSQR1ibPuS0+H5lM3MUElqF6XnQNP1zmSjdpOhlwDE5AHrjgCpTAHSiDCsDgGbyCN/BuvVgf1pf1PW1dsdKZIzBX1u8fljmlZg==</latexit><latexit sha1_base64="aD5VFEswwhkYE0CwheF68HPVmf4=">AAACK3icbZC7TsMwFIYdrqXcAowsFhVSO1AlgARjBQsDQ5HoRWqqynGd1qrtRLaDGrV9EB6CZ2CFmQnEwsB74LYZeuFIlj7//zk69u9HjCrtOJ/Wyura+sZmZiu7vbO7t28fHFZVGEtMKjhkoaz7SBFGBaloqhmpR5Ig7jNS83u3Y7/2RKSioXjUSUSaHHUEDShG2kgt+8IbQk8gnyEYtGi+X4Bns/ekAMcNjMB7A31jJt6wZeecojMpuAxuCjmQVrll/3jtEMecCI0ZUqrhOpFuDpDUFDMyynqxIhHCPdQhDYMCcaKag8nnRvDUKG0YhNIcoeFEnZ0YIK5Uwn3TyZHuqkVvLP7nNWIdXDcHVESxJgJPFwUxgzqE46Rgm0qCNUsMICypeSvEXSQR1ibPuS0+H5lM3MUElqF6XnQNP1zmSjdpOhlwDE5AHrjgCpTAHSiDCsDgGbyCN/BuvVgf1pf1PW1dsdKZIzBX1u8fljmlZg==</latexit><latexit sha1_base64="aD5VFEswwhkYE0CwheF68HPVmf4=">AAACK3icbZC7TsMwFIYdrqXcAowsFhVSO1AlgARjBQsDQ5HoRWqqynGd1qrtRLaDGrV9EB6CZ2CFmQnEwsB74LYZeuFIlj7//zk69u9HjCrtOJ/Wyura+sZmZiu7vbO7t28fHFZVGEtMKjhkoaz7SBFGBaloqhmpR5Ig7jNS83u3Y7/2RKSioXjUSUSaHHUEDShG2kgt+8IbQk8gnyEYtGi+X4Bns/ekAMcNjMB7A31jJt6wZeecojMpuAxuCjmQVrll/3jtEMecCI0ZUqrhOpFuDpDUFDMyynqxIhHCPdQhDYMCcaKag8nnRvDUKG0YhNIcoeFEnZ0YIK5Uwn3TyZHuqkVvLP7nNWIdXDcHVESxJgJPFwUxgzqE46Rgm0qCNUsMICypeSvEXSQR1ibPuS0+H5lM3MUElqF6XnQNP1zmSjdpOhlwDE5AHrjgCpTAHSiDCsDgGbyCN/BuvVgf1pf1PW1dsdKZIzBX1u8fljmlZg==</latexit>

1

n

nX

i=1

krfi(x)�rf(x)k2  ⇣2

<latexit sha1_base64="+yeT0fb6uxcW5xNrkIy+VdVuhiA="></latexit><latexit sha1_base64="+yeT0fb6uxcW5xNrkIy+VdVuhiA="></latexit><latexit sha1_base64="+yeT0fb6uxcW5xNrkIy+VdVuhiA="></latexit><latexit sha1_base64="+yeT0fb6uxcW5xNrkIy+VdVuhiA="></latexit>

(l+1)B�1[

k=lB

E(k)

<latexit sha1_base64="Se7bjZDUaJPg8Ry5U4WsukGT71s=">AAACG3icbVDNSgMxGMzWv1r/qh69BIvQIpZdEfQilIrgsYL9gXYt2TRtwybZJckKZdkH8CF8Bq969iZePXj0Tcy2e7DVgcBkZj6+ZLyQUaVt+8vKLS2vrK7l1wsbm1vbO8XdvZYKIolJEwcskB0PKcKoIE1NNSOdUBLEPUbann+V+u0HIhUNxJ2ehMTlaCTokGKkjdQvlnoeHeEo7Mf+Jasn93GZHTuVOjyBTgKvzdWvJCZlV+0p4F/iZKQEMjT6xe/eIMARJ0JjhpTqOnao3RhJTTEjSaEXKRIi7KMR6RoqECfKjaefSeCRUQZwGEhzhIZT9fdEjLhSE+6ZJEd6rBa9VPzP60Z6eOHGVISRJgLPFg0jBnUA02bggEqCNZsYgrCk5q0Qj5FEWJv+5rZ4PO3EWWzgL2mdVh3Db89KtXrWTh4cgENQBg44BzVwAxqgCTB4BM/gBbxaT9ab9W59zKI5K5vZB3OwPn8Ay8Gf6A==</latexit><latexit sha1_base64="Se7bjZDUaJPg8Ry5U4WsukGT71s=">AAACG3icbVDNSgMxGMzWv1r/qh69BIvQIpZdEfQilIrgsYL9gXYt2TRtwybZJckKZdkH8CF8Bq969iZePXj0Tcy2e7DVgcBkZj6+ZLyQUaVt+8vKLS2vrK7l1wsbm1vbO8XdvZYKIolJEwcskB0PKcKoIE1NNSOdUBLEPUbann+V+u0HIhUNxJ2ehMTlaCTokGKkjdQvlnoeHeEo7Mf+Jasn93GZHTuVOjyBTgKvzdWvJCZlV+0p4F/iZKQEMjT6xe/eIMARJ0JjhpTqOnao3RhJTTEjSaEXKRIi7KMR6RoqECfKjaefSeCRUQZwGEhzhIZT9fdEjLhSE+6ZJEd6rBa9VPzP60Z6eOHGVISRJgLPFg0jBnUA02bggEqCNZsYgrCk5q0Qj5FEWJv+5rZ4PO3EWWzgL2mdVh3Db89KtXrWTh4cgENQBg44BzVwAxqgCTB4BM/gBbxaT9ab9W59zKI5K5vZB3OwPn8Ay8Gf6A==</latexit><latexit sha1_base64="Se7bjZDUaJPg8Ry5U4WsukGT71s=">AAACG3icbVDNSgMxGMzWv1r/qh69BIvQIpZdEfQilIrgsYL9gXYt2TRtwybZJckKZdkH8CF8Bq969iZePXj0Tcy2e7DVgcBkZj6+ZLyQUaVt+8vKLS2vrK7l1wsbm1vbO8XdvZYKIolJEwcskB0PKcKoIE1NNSOdUBLEPUbann+V+u0HIhUNxJ2ehMTlaCTokGKkjdQvlnoeHeEo7Mf+Jasn93GZHTuVOjyBTgKvzdWvJCZlV+0p4F/iZKQEMjT6xe/eIMARJ0JjhpTqOnao3RhJTTEjSaEXKRIi7KMR6RoqECfKjaefSeCRUQZwGEhzhIZT9fdEjLhSE+6ZJEd6rBa9VPzP60Z6eOHGVISRJgLPFg0jBnUA02bggEqCNZsYgrCk5q0Qj5FEWJv+5rZ4PO3EWWzgL2mdVh3Db89KtXrWTh4cgENQBg44BzVwAxqgCTB4BM/gBbxaT9ab9W59zKI5K5vZB3OwPn8Ay8Gf6A==</latexit><latexit sha1_base64="Se7bjZDUaJPg8Ry5U4WsukGT71s=">AAACG3icbVDNSgMxGMzWv1r/qh69BIvQIpZdEfQilIrgsYL9gXYt2TRtwybZJckKZdkH8CF8Bq969iZePXj0Tcy2e7DVgcBkZj6+ZLyQUaVt+8vKLS2vrK7l1wsbm1vbO8XdvZYKIolJEwcskB0PKcKoIE1NNSOdUBLEPUbann+V+u0HIhUNxJ2ehMTlaCTokGKkjdQvlnoeHeEo7Mf+Jasn93GZHTuVOjyBTgKvzdWvJCZlV+0p4F/iZKQEMjT6xe/eIMARJ0JjhpTqOnao3RhJTTEjSaEXKRIi7KMR6RoqECfKjaefSeCRUQZwGEhzhIZT9fdEjLhSE+6ZJEd6rBa9VPzP60Z6eOHGVISRJgLPFg0jBnUA02bggEqCNZsYgrCk5q0Qj5FEWJv+5rZ4PO3EWWzgL2mdVh3Db89KtXrWTh4cgENQBg44BzVwAxqgCTB4BM/gBbxaT9ab9W59zKI5K5vZB3OwPn8Ay8Gf6A==</latexit>

E(k) = {(i, j) : P (k)
i,j > 0}

<latexit sha1_base64="uEXzR4JrJeGBcpGKa9pJNK1a+GY=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARWtAyI4JulKIILivYC3TGIZOmbWwmMyQZoQzzFD6Ez+BW1+5EcCW+iZm2C9t6IPDx/+fkJL8fMSqVZX0ZuYXFpeWV/GphbX1jc8vc3mnIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cZX7zkQhJQ36nhhFxA9TjtEsxUlryzKPr+6Q0KKfwHDoJLNHDhzJ0sms5rI0dL9FiCi+g5aSeWbQq1qjgPNgTKIJJ1Tzzx+mEOA4IV5ghKdu2FSk3QUJRzEhacGJJIoQHqEfaGjkKiHST0bdSeKCVDuyGQh+u4Ej9O5GgQMph4OvOAKm+nPUy8T+vHavumZtQHsWKcDxe1I0ZVCHMMoIdKghWbKgBYUH1WyHuI4Gw0klObfGDLBN7NoF5aBxXbM23J8Xq5SSdPNgD+6AEbHAKquAG1EAdYPAEXsAreDOejXfjw/gct+aMycwumCrj+xcBsqMU</latexit><latexit sha1_base64="uEXzR4JrJeGBcpGKa9pJNK1a+GY=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARWtAyI4JulKIILivYC3TGIZOmbWwmMyQZoQzzFD6Ez+BW1+5EcCW+iZm2C9t6IPDx/+fkJL8fMSqVZX0ZuYXFpeWV/GphbX1jc8vc3mnIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cZX7zkQhJQ36nhhFxA9TjtEsxUlryzKPr+6Q0KKfwHDoJLNHDhzJ0sms5rI0dL9FiCi+g5aSeWbQq1qjgPNgTKIJJ1Tzzx+mEOA4IV5ghKdu2FSk3QUJRzEhacGJJIoQHqEfaGjkKiHST0bdSeKCVDuyGQh+u4Ej9O5GgQMph4OvOAKm+nPUy8T+vHavumZtQHsWKcDxe1I0ZVCHMMoIdKghWbKgBYUH1WyHuI4Gw0klObfGDLBN7NoF5aBxXbM23J8Xq5SSdPNgD+6AEbHAKquAG1EAdYPAEXsAreDOejXfjw/gct+aMycwumCrj+xcBsqMU</latexit><latexit sha1_base64="uEXzR4JrJeGBcpGKa9pJNK1a+GY=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARWtAyI4JulKIILivYC3TGIZOmbWwmMyQZoQzzFD6Ez+BW1+5EcCW+iZm2C9t6IPDx/+fkJL8fMSqVZX0ZuYXFpeWV/GphbX1jc8vc3mnIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cZX7zkQhJQ36nhhFxA9TjtEsxUlryzKPr+6Q0KKfwHDoJLNHDhzJ0sms5rI0dL9FiCi+g5aSeWbQq1qjgPNgTKIJJ1Tzzx+mEOA4IV5ghKdu2FSk3QUJRzEhacGJJIoQHqEfaGjkKiHST0bdSeKCVDuyGQh+u4Ej9O5GgQMph4OvOAKm+nPUy8T+vHavumZtQHsWKcDxe1I0ZVCHMMoIdKghWbKgBYUH1WyHuI4Gw0klObfGDLBN7NoF5aBxXbM23J8Xq5SSdPNgD+6AEbHAKquAG1EAdYPAEXsAreDOejXfjw/gct+aMycwumCrj+xcBsqMU</latexit><latexit sha1_base64="uEXzR4JrJeGBcpGKa9pJNK1a+GY=">AAACJXicbZDLSgMxFIYz9VbrbdSlm2ARWtAyI4JulKIILivYC3TGIZOmbWwmMyQZoQzzFD6Ez+BW1+5EcCW+iZm2C9t6IPDx/+fkJL8fMSqVZX0ZuYXFpeWV/GphbX1jc8vc3mnIMBaY1HHIQtHykSSMclJXVDHSigRBgc9I0x9cZX7zkQhJQ36nhhFxA9TjtEsxUlryzKPr+6Q0KKfwHDoJLNHDhzJ0sms5rI0dL9FiCi+g5aSeWbQq1qjgPNgTKIJJ1Tzzx+mEOA4IV5ghKdu2FSk3QUJRzEhacGJJIoQHqEfaGjkKiHST0bdSeKCVDuyGQh+u4Ej9O5GgQMph4OvOAKm+nPUy8T+vHavumZtQHsWKcDxe1I0ZVCHMMoIdKghWbKgBYUH1WyHuI4Gw0klObfGDLBN7NoF5aBxXbM23J8Xq5SSdPNgD+6AEbHAKquAG1EAdYPAEXsAreDOejXfjw/gct+aMycwumCrj+xcBsqMU</latexit>

strongly connected, where

with diameter Δ

E⇠ikrFi(xi; ⇠i)�rfi(x)k2  �2
<latexit sha1_base64="kRON5If/v9MjEfrE6eIv8RI0oTY="></latexit>

Bijral, Sarwate, Srebro (2017)
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M. Assran, N. Loizou, N. Ballas, and M. Rabbat, "Stochastic Gradient Push for Distributed Deep Learning," ICML 2019. 

Related result for push-pull:  Lian, Zhang, Zhang, Hsieh, Zhang, and Liu, "Can Decentralized Algorithms Outperform Centralized Algorithms?" NeurIPS 2017.

Theorem. Run SGP for K iterations with ↵ =
p

n/K.
There exist constants C > 0, q 2 [0, 1), P1 and P2 that depend on �, (P (k)),
and ⌧ , such that if

K � max

(
nL4C4602

(1� q)4
,

nL4C4P 2
1

(1� q)4(f(x̄(0))� f⇤ + L�2

2 )2
,

nL2C2P2

(1� q)2(f(x̄(0))� f⇤ + L�2

2 )
, n

)

then
1

K

K�1X

k=0

E
���rf(x(k))

���
2


12
�
f(x(0))� f⇤ + L�2

2

�
p
nK

.
<latexit sha1_base64="CuP3343bENXmtAyXrwZ+INZrDak="></latexit>



14M. Assran, N. Loizou, N. Ballas, and M. Rabbat, "Stochastic Gradient Push for Distributed Deep Learning," ICML 2019.

Theorem. Choose K su�ciently large and use ↵ =
p

n/K. Then

1

nK

K�1X

k=0

nX

i=1

E
���x(k)

� z(k)i

���
2
 O

✓
1

K
+

1

K2/3

◆

and
1

nK

K�1X

k=0

nX

i=1

E
���rf(z(k)k )

���
2
 O

✓
1

p
nK

+
1

K
+

1

K2/3

◆
.

<latexit sha1_base64="K6oB7ctZ3vHdFoDwoLMlSPcUTa4="></latexit>
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Experimental Evaluation

• Training ResNet50 (25.6M parameters) on ImageNet 
• System: 32 NVIDIA DGX-1 servers (8 GPUs/server) 

• Look at scaling from 4 - 32 servers (32 - 256 GPUs) 
• Communicating over either 10Gbps Ethernet or 100Gbps InfiniBand 

• All implemented in PyTorch 0.4, wraps MPI and NCCL 

• Comparison with baselines: 
• AllReduce-based SGD 
• D-PSGD, AD-PSGD decentralized push-pull stochastic gradient methods  

[Lian, Zhang, Zhang, Hsieh, Zhang, and Liu, NeurIPS 2017, ICML 2018]
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Directed Exponential Communication Strategy

Cyclic over edges in the binary hypercube 
• Each node sends and receives  

one message per update 
• Node i sends to i+ 20 mod n

i+ 21 mod n

...

i+ 2blog2(n�1)c mod n
<latexit sha1_base64="v/JB4/SQ8LDi4/t2g2NHs9Ep3Y4="></latexit>

Interesting properties: 
• Balanced communication workload 
• For only averaging (no optimization), all nodes  

exactly have the average after  stepslog2(n)
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Experiment Results

• SGP and OSGP are faster per iteration, but introduce additional noise 
• Improve accuracy by running for more epochs

32 nodes (256 GPUs), over 10Gbps Ethernet

Train Acc. Val. Acc. Train Time

AR-SGD 76.9% 76.2% 5.1 hrs. (90 epochs)

AD-PSGD 80.3% 76.9% 4.7 hrs. (270 epochs)

SGP 75.6% 74.9% 1.5 hrs. (90 epochs)

SGP 80.0% 77.1% 4.6 hrs. (270 epochs)

1-OSGP 81.8% 77.1% 2.7 hrs. (270 epochs)
<latexit sha1_base64="6BQLJQOXo5L5kwr9iqmwQkswqeA="></latexit>
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Slow Momentum (SlowMo) Improves Convergence

J. Wang, V. Tantia, N. Ballas, and M. Rabbat, "SlowMo: Improving Communication-Efficient Distributed SGD with Slow Momentum," 
October 2019.  https://arXiv.org/abs/1910.00643,

https://arXiv.org/abs/1910.00643
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Summary Push-only communication makes a difference 
• Model non-blocking asynchronous communication 
• Communication and computation delays

Ongoing work and extensions 
• Quantization, less frequent aggregation 
• Improving accuracy with momentum 

SGP Paper online at arxiv.org/abs/1811.10792 
SlowMo paper at arxiv.org/abs/1910.00643 
Code online at github.com/facebookresearch/stochastic_gradient_push

mikerabbat@fb.com

https://arxiv.org/abs/1811.10792
https://arxiv.org/abs/1910.00643
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