
Performance on split CIFAR


Our method (S-FSVI) outperforms 
parameter-space variational inference 
(VCL) and an existing function-space 
method (FROMP) on split CIFAR, a 
challenging task sequence.
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Summary


We formulate continual learning as 
variational inference over predictive 
functions, and derive a tractable 
variational objective for deep neural 
networks. Our method achieves  
state-of-the-art performance on 
benchmark task sequences.


Schematic of training dynamics


On task 1, the variational distribution over functions updates from            to            
to fit dataset      . On task 2, the posterior            fits dataset       while also matching 
           on a small subset of       . The distribution over parameters is free to change 
significantly since changes in    are not directly penalized.


Practical demonstration on synthetic data


A neural network is tasked with binary classification on data drawn from regions of 
2D input space progressively revealed over time. As a result of using sequential 
function-space variational inference, the neural network infers an accurate decision 
boundary while maintaining high predictive uncertainty away from the data.


Inference scheme


A variational distribution         over 
the parameters of a neural network 
induces a variational distribution  
over predictive functions.


Based on this, we formulate training 
on the current task    as finding the 
posterior                        that maximizes


where                is the data for task 
and                is the variational 
posterior at the end of task           .


The first term in the objective 
encourages           to fit the data from 
task   . The second term promotes 
agreement between           and 
              , preventing catastrophic 
forgetting on previous tasks.


Continual Learning via Function-Space Variational Inference
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Figure 2: Practical demonstration of sequential function-space variational inference on a sequence of five binary-
classification tasks with 2D inputs. The neural network infers a decision boundary between the two classes while main-
taining high predictive uncertainty away from the data. The experimental setup is described in detail in Appendix C.

2.5 A Family of Function-Space Objectives

Two recently proposed function-space objectives for
continual learning, functional regularization for con-
tinual learning (frcl; Titsias et al. (2020)) and
functional regularization of the memorable past
(fromp; Pan et al. (2020)), use objective functions
conceptually similar to Equation (1) and mathemat-
ically similar to Equation (B.22). In the following
result, we make the relationship between these two
methods and s-fsvi explicit:

Proposition 3 (Correspondence to fromp and frcl
(informal)).

(a) The fromp objective corresponds to a special case
of the s-fsvi variational objective under a specific
variational distribution over the parameters.

(b) The frcl objective corresponds to a special case
of the s-fsvi variational objective for a Bayesian
linear model with an additional parameter-space
KL divergence penalty.

For a formal statement of the result, see Appendix B.

Proof. See Appendix B.

3 Related Work

There are three main (non-mutually-exclusive) cate-
gories of methods for continual learning in a deep neu-
ral network. Objective-based approaches modify the
objective function used to train the neural network.
Replay-based approaches summarize past tasks using
either stored data or freshly generated synthetic data.
Architecture-based approaches change the neural net-
work’s structure from one task to another. For exten-
sive reviews, see Lange et al. (2021) and Parisi et al.
(2019). As sequential function-space variational infer-
ence (s-fsvi) centers around a new training objective,
we focus on objective-based approaches in this review.

For a neural network to retain abilities it has previ-
ously learned, its predictions on data associated with
past tasks must not change significantly from one task
to another. One way of achieving this is to include in

the training objective a form of function-space regu-
larization to discourage important changes in the net-
work’s predictions or internal representations. Learn-
ing without forgetting (Li and Hoiem, 2018) uses a
modified cross-entropy loss that penalizes the di↵er-
ence between the predictions of the current network
on the current task data and the predictions of the
previous network on the current task data. Less-
forgetful learning (Jung et al., 2018) employs the same
method but uses squared Euclidean distance rather
than the modified cross-entropy loss and applies it to
the penultimate-layer representations rather than the
network’s predictions. Keep and learn (Kim et al.,
2018) also uses internal representations as a basis for
regularization. The method subsequently proposed
by Benjamin et al. (2019) involves comparing the cur-
rent network with all previous versions of the network
and on data from all past tasks instead of with only
the most recent network on data from the current task.
Each pair of networks is compared by computing the
Euclidean distance between the networks’ predictions.

While these approaches mitigate forgetting, they do
not explicitly account for predictive uncertainty, which
is an issue if the neural network is a poor fit to
the data. This deficiency is addressed by probabilis-
tic approaches to function-space regularization, which
encourage a network’s predictions to agree with a
prior distribution over functions rather than with a
single function. Functional regularization for con-
tinual learning (frcl; Titsias et al. (2020)) consid-
ers a network whose final layer is a Bayesian lin-
ear model. Based on the duality between parame-
ter space and function space, the frcl objective in-
cludes the KL divergence between predictive distri-
butions at a selection of input points. This encour-
ages similarity between the network’s current predic-
tive distribution and the distributions from past tasks.
frcl is theoretically appealing, building on a well-
understood method for stochastic variational inference
using inducing points. But its regularization only
acts on the final-layer parameters. In contrast, func-
tional regularization of the memorable past (fromp;
Pan et al. (2020)) maintains a posterior distribution

Making inference tractable


In its original form, the variational 
objective is intractable for neural 
networks. To resolve this, we


1. Induce a variational distribution 
over functions by defining a 
mean-field Gaussian distribution 
over neural-network parameters


2. Approximate the KL divergence 
between distributions over 
functions by linearizing neural 
networks at parameter means


3. Derive a Monte Carlo estimator for 
use in stochastic optimization
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(a) Split cifar Accuracies After Training on All Tasks (b) s-fsvi Accuracy as a Function of Coreset Size

Figure 4: Predictive accuracies of sequential function-space variational inference and related methods on split cifar. (a)
Per-task and average accuracy after training on six tasks. The result of “joint” baseline is obtained using a model trained
on data from all tasks at the same time; the accuracy at task t for “separate” baseline is the accuracy of an independent
model trained only on task t; we use the best performing model in each case (fromp for “joint” baseline and s-fsvi for
“separate” baseline). (b) Average accuracy after training on six tasks with di↵erent coreset sizes. “Random” coreset
selection denotes uniform sampling from training set; “entropy” coreset selection denotes sampling from the training set
with probability proportional to the entropy of the model’s posterior predictive distribution.

ther, we compare s-fsvi and frcl in terms of the evo-
lution of their average accuracies across the 50 tasks
(Section 4.3). s-fsvi experiences a much smaller ac-
curacy drop after the first task and is able to maintain
an accuracy over 83% over the whole task sequence.

Figure 5: Learning trajectories of sequential function-
space variational inference and functional regularization for
continual learning on sequential Omniglot. The accuracy
value shown at task t is the mean accuracy of the t tasks
learned so far. We were unable to reproduce the result
reported in Titsias et al. (2020) even with the authors’ code
and hyperparameters. Both the reproduced result (“code”)
and the result from the paper (“paper”) are presented here.
For frcl (paper), only the final average accuracy of 50
tasks is reported in Titsias et al. (2020). It is plotted with
a single error bar at task 50. For s-fsvi and frcl (code),
we show the mean value and standard error as computed
across five random permutations of the task order.

4.4 Split CIFAR

Moving beyond classification tasks on grayscale im-
ages, we evaluate s-fsvi on split cifar (Zenke et al.,
2017; Pan et al., 2020). This uses the full cifar-10
dataset as for first task, followed by five ten-way clas-
sification tasks drawn from cifar-100. Our results

show s-fsvi achieving higher accuracy on all tasks
than fromp and vcl after learning all six tasks (Fig-
ure 4a). Notably, on all tasks except the first, s-fsvi
outperforms a model trained on each task individu-
ally and achieves comparable or higher accuracy than
a model trained on all tasks jointly (see the Figure 4a
caption for a description of both baselines). The lat-
ter baseline roughly serves as an upper limit on perfor-
mance as it involves non-sequential training and there-
fore does not need to prevent “forgetting.”

As in related work (Lopez-Paz and Ranzato, 2017; Pan
et al., 2020), we compute the forward transfer (FT)
and backward transfer (BT) for s-fsvi on split cifar.
FT captures by how much the accuracy on the current
tasks increases as the number of past tasks increases;
BT captures by how much the accuracy on the pre-
vious tasks increases as more tasks are observed. As
well as having the best overall accuracy, s-fsvi signif-
icantly outperforms all baselines in terms of FT and
has BT comparable to ewc and fromp (Table 3).

Table 3: Forward transfer (FT) and backward transfer
(BT) of s-fsvi and related methods on split cifar. For
all methods, the mean and standard error across five re-
peated experiments are reported. The baseline results are
from (Pan et al., 2020). 1Details in Appendix C.

Method Test Accuracy FT BT

ewc 71.6%±0.4 0.2±0.4 -2.3±0.6

vcl 67.4%±0.6 1.8±1.4 -9.2±0.8

fromp 76.2%±0.2 6.1±0.3 -2.6±0.4

s-fsvi (ours)1 77.6%±0.2 7.3±0.2 -2.5±0.2
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q1(f)
<latexit sha1_base64="vujGQ5W5lTzACis6qaKnRMDLyHU=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoMQL2E3BPUY8eIxgnlAsoTZyWwyZnZmMzMrhCXgJ3jxoIhX/8ebf+PkcdDEgoaiqpvuriDmTBvX/XYya+sbm1vZ7dzO7t7+Qf7wqKFlogitE8mlagVYU84ErRtmOG3FiuIo4LQZDG+mfvORKs2kuDfjmPoR7gsWMoKNlRqjbrkYnnfzBbfkzoBWibcgBVig1s1/dXqSJBEVhnCsddtzY+OnWBlGOJ3kOommMSZD3KdtSwWOqPbT2bUTdGaVHgqlsiUMmqm/J1IcaT2OAtsZYTPQy95U/M9rJya88lMm4sRQQeaLwoQjI9H0ddRjihLDx5Zgopi9FZEBVpgYG1DOhuAtv7xKGuWSd1Gq3FUK1euneRxZOIFTKIIHl1CFW6hBHQg8wDO8wpsjnRfn3fmYt2acRYTH8AfO5w+zEI73</latexit>

q2(f)
<latexit sha1_base64="QGOLQDffykcnO998syMuDZ6995Y=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKLlxWsA9oh5JJb9vQTGZMMoUyFPwLNy4UcevHuPNvzLRdaOuBC4dz7iUnJ4gF18Z1v53cyura+kZ+s7C1vbO7V9w/qOsoUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geJP5jREqzSP5YMYx+iHtS97jjBor+e2QmgGjIr2ddLxOseSW3SnIMvHmpARzVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2n09ATcmKVLulFyo40ZKr+vkhpqPU4DOxmFlIvepn4n9dKTO/KT7mME4OSzR7qJYKYiGQNkC5XyIwYW0KZ4jYrYQOqKDO2p4ItwVv88jKpn5W9i/L5/Xmpcv00qyMPR3AMp+DBJVTgDqpQAwaP8Ayv8OaMnBfn3fmYreaceYWH8AfO5w/LApKG</latexit>D1

<latexit sha1_base64="MF+5wJHxUjGevltjvxCspyY0BHI=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyUoi4runBZwT6gHUomzbShSWZMMoUyFPwLNy4UcevHuPNvzLRdaOuBC4dz7iUnJ4g508Z1v53c2vrG5lZ+u7Czu7d/UDw8auooUYQ2SMQj1Q6wppxJ2jDMcNqOFcUi4LQVjG4yvzWmSrNIPphJTH2BB5KFjGBjJb8rsBkSzNPbaa/SK5bcsjsDWiXegpRggXqv+NXtRyQRVBrCsdYdz42Nn2JlGOF0WugmmsaYjPCAdiyVWFDtp7PQU3RmlT4KI2VHGjRTf1+kWGg9EYHdzELqZS8T//M6iQmv/JTJODFUkvlDYcKRiVDWAOozRYnhE0swUcxmRWSIFSbG9lSwJXjLX14lzUrZuyhX76ul2vXTvI48nMApnIMHl1CDO6hDAwg8wjO8wpszdl6cd+djvppzFhUewx84nz/MhpKH</latexit>D2
<latexit sha1_base64="QGOLQDffykcnO998syMuDZ6995Y=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgqsyIqMuKLlxWsA9oh5JJb9vQTGZMMoUyFPwLNy4UcevHuPNvzLRdaOuBC4dz7iUnJ4gF18Z1v53cyura+kZ+s7C1vbO7V9w/qOsoUQxrLBKRagZUo+ASa4Ybgc1YIQ0DgY1geJP5jREqzSP5YMYx+iHtS97jjBor+e2QmgGjIr2ddLxOseSW3SnIMvHmpARzVDvFr3Y3YkmI0jBBtW55bmz8lCrDmcBJoZ1ojCkb0j62LJU0RO2n09ATcmKVLulFyo40ZKr+vkhpqPU4DOxmFlIvepn4n9dKTO/KT7mME4OSzR7qJYKYiGQNkC5XyIwYW0KZ4jYrYQOqKDO2p4ItwVv88jKpn5W9i/L5/Xmpcv00qyMPR3AMp+DBJVTgDqpQAwaP8Ayv8OaMnBfn3fmYreaceYWH8AfO5w/LApKG</latexit>D1

<latexit sha1_base64="m1ZO1GpJKh+WMMTASn+BkrFdaCQ=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPVY8eKxgv2AdinZNNvGZpM1yQplKfgTvHhQxKv/x5v/xmzbg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKlloghtEMmlagdYU84EbRhmOG3HiuIo4LQVjK4zv/VIlWZS3JlxTP0IDwQLGcHGSs2HnlcOT3vFkltxp0DLxJuTEsxR7xW/un1JkogKQzjWuuO5sfFTrAwjnE4K3UTTGJMRHtCOpQJHVPvp9NoJOrFKH4VS2RIGTdXfEymOtB5Hge2MsBnqRS8T//M6iQkv/ZSJODFUkNmiMOHISJS9jvpMUWL42BJMFLO3IjLEChNjAyrYELzFl5dJ86zinVeqt9VS7eppFkcejuAYyuDBBdTgBurQAAL38Ayv8OZI58V5dz5mrTlnHuEh/IHz+QOxiY72</latexit>

q1(f)
<latexit sha1_base64="RqfIgTr/1rypGYq3ZoIimcYcha0=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgKeyKqMeIF48RzAOSJcxOZpMxszPLTK8QQsBP8OJBEa/+jzf/xsnjoIkFDUVVN91dUSqFRd//9nIrq2vrG/nNwtb2zu5ecf+gbnVmGK8xLbVpRtRyKRSvoUDJm6nhNIkkb0SDm4nfeOTGCq3ucZjyMKE9JWLBKDqp3sY+R9oplvyyPwVZJsGclGCOaqf41e5qliVcIZPU2lbgpxiOqEHBJB8X2pnlKWUD2uMtRxVNuA1H02vH5MQpXRJr40ohmaq/J0Y0sXaYRK4zodi3i95E/M9rZRhfhSOh0gy5YrNFcSYJajJ5nXSF4Qzl0BHKjHC3EtanhjJ0ARVcCMHiy8ukflYOLsrnd+elyvXTLI48HMExnEIAl1CBW6hCDRg8wDO8wpunvRfv3fuYtea8eYSH8Afe5w/MmI+w</latexit>
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10Icon

This is our icon. It is a visual shorthand 
of our brand and can be used in cases 
where the main logo would take up 
too much space, or the requirement is 
for something more symbolic (such as 
an app icon).

The icon is available in three 
colourways – the same rules for usage 
apply for each respective design.

The gold icon is only applied to 
Rhodes House.

EPSRC Centre for Doctoral Training in
Autonomous Intelligent Machines & Systems
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